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Full State Information Transfer
Across Adjacent Cameras in a
Network Using Gauss Helmert
Filters

RONG YANG
YAAKOV BAR-SHALOM

This paper develops three-dimensional (3D) Cartesian tracking

algorithms for a high-resolution wide field of view (FOV) camera

surveillance system. This system consists of a network linking multi-

ple narrow FOV cameras side-by-side looking at adjacent areas. In

such a multi-camera system, a target usually appears in the FOV of

one camera first, and then shifts to an adjacent one. The tracking algo-

rithms estimate target 3D positions and velocities dynamically using

the angular information (azimuth and elevation) provided by multiple

cameras. The target state (consisting of position and velocity) is not

fully observable when it is detected by the first camera only. Once it

moves into the FOV of the next camera, the state can then be fully es-

timated. The main challenge is how to transfer the state information

from the first camera to the next one when the target moves across

cameras. In this paper, we develop an approach, designated as Carte-

sian state estimation with full maximum likelihood information trans-

fer (fMLIT), to cope with this challenge. Since the fMLIT consists of

an implicit state relationship, the conventional Kalman-like filters (for

explicit constraints) are not suitable. We then develop three Gauss–

Helmert filters, and test them with simulation data.

I. INTRODUCTION

As more and more cameras are used in surveillance
systems, intensive research and development works have
been conducted on target detection and tracking using
cameras. Most of them deal with extended targets (such
as people or vehicles) in near range. After illegal drone
intrusions were frequently reported, the camera surveil-
lance has been extended to the more challenging appli-
cations which track small air targets in a relatively far
range. This paper will focus on developing appropriate
algorithms to track small air targets in three-dimensional
(3D) Cartesian space using a network of cameras.

In the earlier stage, the computer vision research fo-
cused on detection of targets from images, and associa-
tion of the detections from the same targets over frames
based on various features (color, shape, edge, etc.) [9],
[16], [18]. Later, it was extended target tracking over
video frames to help the track continuity when the de-
tection was imperfect [3], [19]. Further extensions fo-
cused on estimation of the target location and trajectory
in Cartesian 3D space instead of the two-dimensional
(2D) image space. A direct conversion (from 2D image
to 3D Cartesian space) can be applied when the camera
projection matrix and the target range are available [8],
[17]. Another approach is to estimate target range from
the ratio of target size and image size (assuming both
are known). This is actually an old technique called Sta-
diametric range finding. Recently, artificial intelligence
techniques were introduced to this approach for better
accuracy [5].

However, a small air target in a relatively far range
(the focus of this paper) has only a few pixels in a video
frame.The target image size and range information (with
sky background) cannot be obtained accurately. It is
hard to obtain the target locations or trajectories in 3D
Cartesian space using the above-mentioned techniques.
Triangulation from multiple cameras is then a suitable
method. In [11], a drone location is estimated by the
measured azimuths and elevations from multiple cam-
eras, assuming the cameras are widely spaced and detect
a target simultaneously.

In this paper, we consider a realistic camera deploy-
ment as shown in Fig. 1. It is a camera network with
multiple high-resolution narrow field of view (NFOV)
stationary cameras located side by side. Each of them
covers a small area and overlaps with the neighbors a lit-
tle. In this system,a target is detected by one camera only
most of time, and the triangulation cannot be performed
always. This paper will focus on developing appropri-
ate approaches to track targets in 3D Cartesian space
even for cameras with non-overlapping regions. In such
a multi-camera system, a target usually appears in the
field of view (FOV) of one camera first, and then shifts to
an adjacent one. The proposed tracking algorithms will
estimate target 3D positions and velocities dynamically
using the angular information (azimuth and eleva-
tion) provided by multiple cameras. The target state
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Fig. 1. A wide field of view surveillance system consisting of four
NFOV cameras.

(consisting of position and velocity) is not fully observ-
able when the target is detected by the first camera only.
Once the target moves into the FOV of the next camera,
the state can then be estimated completely using suit-
able algorithms. The main challenge is how to transfer
the useful state information from the first camera to the
next one when the target moves across cameras.We will
formulate the problem with an unique Gauss–Helmert
model (GHM), which provides an implicit constraint
that is used to transfer full state information (including
3D position and velocity) across cameras. The approach
is designated as Cartesian state estimation with full
maximum likelihood information transfer (fMLIT).

A conventional dynamic estimation problem is for-
mulated by two basic models, the state transition model
and the measurement model. Usually these two models
are in explicit forms as

x(tk) = f[x(tk−1)] + v(tk, tk−1), (1)

z(tk) = h[x(tk)] + w(tk), (2)

where x(tk) is the state vector to be estimated at time
tk, z(tk) is the measurement vector observed by a sensor,
f[·] and h[·] are the state transition function and mea-
surement function, respectively, and v(·) and w(·) are
the process noise and measurement noise, respectively.
Based on these models, the Kalman-like filters has the
following two generic steps to perform estimation:

� Predict the state from time tk−1 to tk using the state
transition model (1). The predicted state is x̂(tk|tk−1).

� Update the predicted state x̂(tk|tk−1) by the measure-
ment z(tk) using the measurement model (2). The up-
dated state is x̂(tk|tk).
However, to perform fMLIT across cameras, an im-

plicit constraint needs to be taken into consideration in
addition to the measurement model given in (2) (the de-
tails will be given later in the Section II-B). The implicit
relationship is between the predicted state x̂(tk|tk−1)
from the previous camera and the current state x(tk).
Thus, the following GHM is used to replace the mea-
surement model in (2) at the crossover time (details to
be given later—see (20)).

g[x(tk), x̂(tk|tk−1), z(tk)] = wg, (3)

Fig. 2. A target flies from the FOV of camera 1 to FOV of camera 2.
The across-camera event (crossover) occurs at time t5 when camera 2

detects the target for the first time. The others are considered as
within-camera events.

where wg is a small zero-mean Gaussian model error.
Thus the Kalman-like filters cannot be applied, and need
a further development.

The GHM is commonly used for similarity estima-
tion in geodetic science [10], [12], and is also applied to
computer vision and curve fitting [4], [7], [13], [14], [15].
It was introduced in dynamic estimation for solving un-
known propagation delay problem in the state transi-
tion model in [20], [21]. The Unscented GHF (UGHF)
was developed to solve the problem.A number of works
were conducted for various applications with implicit
state transition models [22], [23], [24].

The above mentioned Gauss–Helmert filter (GHF)
and its applications use the GHM in their state transi-
tion models. The problem in this paper requires an im-
plicit measurement model.Consequently,we will discuss
three GHFs and three other algorithms which totally
or partially ignore the implicit constraints in the GHM.
Their performance will be demonstrated using simula-
tion data.

The rest of paper is structured as following.Section II
formulates the problem. Section III develops the six es-
timation algorithms. Section IV presents the simulation
results, and Section V draws the conclusions.

II. PROBLEM FORMULATION

To track a target using the camera suite shown in
Fig. 1, we need to formulate the dynamic estimation
problem with the state transition model and measure-
ment model within and across cameras, respectively.
Fig. 2 illustrates the within and across camera events.
When a target flies from the FOV of camera 1 to the
FOV of camera 2, it is detected by camera 1 first at times
t1, t2, t3, t4, t6, and t8. Camera 2 detects the target at times
t5, t7, t9, t10, t11, and t12. The across camera event occurs
at time t5 when the target is firstly detected by camera 2.
All other occurrences are considered as within-camera
events, even they fall in overlapping FOVs.The problem
formulate is then based on these two events.
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A. Dynamic Estimation Models for the Within-Camera
Event

The state vector to be estimated at time tk is defined
as

x(tk) = [x(tk) y(tk) z(tk) ẋ(tk) ẏ(tk) ż(tk)]
′
. (4)

It consists of the position and velocity components of
a target in 3D Cartesian coordinates. The measurement
vector from the ith camera (with i = 1, . . . ,n, and n is
the total number of cameras in the system) is

zsi (tk) = [asi (tk) esi (tk)]
′
, (5)

where asi (tk) is the measured (noisy) azimuth from true
North clockwise, and esi (k) is the measured elevation up
from the horizontal, with the reference to the ith cam-
era position. The state transition model uses the nearly
constant velocity (NCV) model [2] as

x(tk) = Fx(tk−1) + v(tk, tk−1), (6)

where

F =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 T (tk) 0 0

0 1 0 0 T (tk) 0

0 0 1 0 0 T (tk)

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (7)

with time interval

T (tk) = tk − tk−1, (8)

and v(tk, tk−1) is the white Gaussian process noise with
covariance

Q(tk, tk−1) =⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

T (tk)3

3 0 0 T (tk)2

2 0 0

0 T (tk)3

3 0 0 T (tk)2

2 0

0 0 T (tk)3

3 0 0 T (tk)2

2

T (tk)2

2 0 0 T (tk) 0 0

0 T (tk)2

2 0 0 T (tk) 0

0 0 T (tk)2

2 0 0 T (tk)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
q, (9)

and q is the Cartesian acceleration power spectral den-
sity (PSD). The measurement model is

zsi (tk) = h[x(tk), xsi ] + w(tk) (10)

with

h[x(tk), xsi ] =

⎡
⎢⎢⎢⎣

atan
[
x(tk)−xsi (tk)
y(tk)−ysi (tk)

]

atan
[

z(tk)−zsi (tk)√
[x(tk)−xsi (tk)]2+[y(tk)−ysi (tk)]2

]
⎤
⎥⎥⎥⎦ ,

(11)

Fig. 3. The ground truth is at xII. The estimated state from camera 1
is xI. The large estimate bias of xI is because the state is not

observable from the measurements from one camera.

where xsi = [xsi ysi zsi ]
′ is the position of the ith camera,

which provides the measurement, and w(tk) is the white
Gaussian measurement noise with covariance

R = diag(σ 2
a σ 2

e ), (12)

with σa and σe, which are the measurement error stan-
dard deviations of azimuth and elevation, respectively.

To apply these models to our problem directly one
has the following issue. The state is not fully observable
when a target is detected by one camera only, as the tar-
get range cannot be obtained. Fig. 3 shows that the pos-
sible target trajectories are a set of parallel lines (assum-
ing the target is in constant velocity motion, and does
not head to or move away from the camera directly) [6].
All these parallel trajectories share the same heading,
and the speeds on parallel lines are proportional to their
ranges (the distances to the camera). The proof of the
target heading observability and range unobservablity
from a single stationary camera, shown in Fig. 3, is given
in Appendix A. The state estimate, using this incom-
pletely observablemodels, can fall on any one of possible
trajectories depending on the initial condition. The ini-
tial state estimate is usually set at a particular point along
the line of sight (LOS) of the first detection in 3D space
and zero velocities with predefined large range and ve-
locity errors. When the state estimate is updated by the
angular measurements, it is adjusted to suitable range
and speed to match the angular change.This process can
lead to a biased estimation for this unobservable prob-
lem, namely, the ground truth can fall outside the state
uncertainty region. Fig. 4 and its enlarged version Fig. 5
show an estimation example. There are two cameras lo-
cated at (0, 0, 50) m and (1, 0, 50) m, respectively.The tar-
get is in the FOV of the first camera at beginning where
the target trajectory is not observable, and moves to the
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Fig. 4. Estimation from angle-only measurements using two
adjacent cameras (here the error ellipses are very elongated).

FOV of the second camera. The track has an initial state
with large error in range to cover the ground truth. Af-
ter the second time cycle, the filter-calculated estimation
error is much smaller, and the state converges to a trajec-
tory (blue) parallel to the ground truth (red).Obviously,
the estimation is seen to be biased in range.Using a very
large uncertainty for the initial state does not solve the
problem.

While we cannot make the state observable in this
situation,we can transfer all useful information obtained
from the first camera to the subsequent estimation. A
Gauss–Helmert (GH)-based information transfer can
make the state fully observable from the across-camera
event (given in the next subsection).

After the across-camera event, the estimation is car-
ried out continuously in the FOV of camera 2.Although
the state is still not fully observable in theory (namely,
the measurements are from camera 2 only), the bias is, in
spite of the marginal observability, reduced significantly
after the full information transfer (see Figs. 4 and 5).

Fig. 5. An enlarged version of Fig. 4.

B. Dynamic Estimation Models for the Across-Camera
Event

At the across-camera event, the state vector and
the state transition model are the same as those of the
within-camera event given in (4) and (6). Assuming
the across-camera event happens at time tk, we predict
the state estimate x̂(tk−1|tk−1) and its error covariance
P(tk−1|tk−1) to time tk by

x̂(tk|tk−1) = Fx̂(tk−1|tk−1), (13)

P(tk|tk−1) = FP(tk−1|tk−1)F′ + Q(tk, tk−1). (14)

To simplify the expression,we denote the predicted state
and its error covariance as

xI = x̂(tk|tk−1), (15)

PI = P(tk|tk−1), (16)

and the state at tk (see Fig. 3) as

xII = x(tk). (17)

Intuitively, the predicted state xI can be updated to xII
by the second camera measurement zs2 (tk) based on the
measurement model giving in (10).However, it faces the
following issues. First, the predicted state xI can be sig-
nificantly biased compared to the ground truth due to
the unobservability in the range.Fig. 3 shows an example
that the estimated range from the first camera is rI, but
the actual range is rII. The error covariance PI does not
include camera 2’smeasurement zs2 (tk) in its uncertainty
region. The Kalman-like filters cannot bring the state xI
close to xII enough with zs2 (tk), as the filters are designed
to reduce the random error, and are not effective for a
large bias error. Second, the state information estimated
by the first camera is not fully utilized. The headings in
xI and xII should be consistent, and the speeds should be
proportional to their ranges. Thus, we reformulate the
problem to estimate xII from a known augmented pa-
rameter y with error covariance Py

y = [x′
I zs2 (tk)

′]′, (18)

Py =
[

PI 06×2

02×6 R

]
. (19)

Since xII and y have an implicit relationship, as shown
below in (20)–(31), a GHmeasurement model is defined
as

g(xII, y) = wg, (20)

which is the same as (3), where

g(·) = [g1(·) g2(·) g3(·) g4(·) g5(·) g6(·) g7(·) g8(·)]′,
(21)

with

g1(·) = rI(xII − xs1 ) − rII(xI − xs1 ), (22)
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g2(·) = rI(yII − xs1 ) − rII(yI − xs1 ), (23)

g3(·) = rI(zII − xs1 ) − rII(zI − xs1 ), (24)

g4(·) = rIẋII − rIIẋI, (25)

g5(·) = rIẏII − rIIẏI, (26)

g6(·) = rIżII − rIIżI, (27)

g7(·) = arctan
(
xII − xs2
yII − ys2

)
− as2 (tk), (28)

g8(·) = arctan

(
zII − zs2√

(xII − xs2 )2 + (yII − ys2 )2

)
− es2 (tk),

(29)

and

rI =
√
(xI − xs1 )2 + (yI − ys1 )2 + (zI − zs1 )2, (30)

rII =
√
(xII − xs1 )2 + (yII − ys1 )2 + (zII − zs1 )2. (31)

This model considers three constraints, first, the po-
sition (xII, yII, zII) in xII and the position (xI, yI, zI)
in xI are on the same LOS with reference to cam-
era 1. This is described in (22)–(24). Second, the ve-
locities (ẋII, ẏII, żII) and (ẋI, ẏI, żI) are proportional to
their ranges with reference to camera 1, which is given
in (25)–(27). Third, the position (xII, yII, zII) is on the
LOS of camera 2’s measurement, as given in (28)–(29).
The third constraint is the within-camera measurement
model given in (10). The GH measurement model adds
the constraints in (22)–(27). This ensures that the useful
state information obtained from camera 1 is fully trans-
ferred to the subsequent estimation in a proper manner.

III. DYNAMIC ESTIMATION ALGORITHMS

This section presents six dynamic estimation algo-
rithms for the problem addressed in this paper:

� EKF: extended Kalman filter without implicit con-
straint;

� pMLIT: partial maximum likelihood information
transfer;

� fMLIT: full maximum likelihood information transfer
without considering cross-correlation;

� fMLIT-EGHF: full maximum likelihood information
transfer using extended Gauss–Helmert filter;

� fMLIT-UGHF: full maximum likelihood information
transfer using unscented Gauss-Helmert filter; and

� fMLIT-UGHFapp: full maximum likelihood informa-
tion transfer using unscented Gauss-Helmert filter
with approximation.

Like all dynamic estimation algorithms, they consist
of two steps, prediction and update. The six algorithms
share the sameprediction step given in (13) and (14).The
update step is also the same for within-camera estima-
tion, which follows the extended Kalman filter (EKF)1

as

x̂(tk|tk) = x̂(tk|tk−1) + W(tk)ν(tk), (32)

P(tk|tk) = P(tk|tk−1) − W(tk)S(tk)W(tk)′, (33)

where

ν(tk) = zsi (tk) − h[x̂(tk|tk−1), xsi ], (34)

W(tk) = P(tk|tk−1)H(tk)S(tk)−1, (35)

S(tk) = R + H(tk)P(tk|tk−1)H(tk)′, (36)

and

H(tk) = ∂h(x, xsi )
∂x

∣∣∣∣
x=x̂(tk|tk−1)

, (37)

with h(·) given in (11). The differences between the six
algorithms are at the across-camera update step. This is
the main focus of this section, and will be given next.

A. Extended Kalman Filter without Implicit Constraint

This algorithmupdates the target across camera state
using the measurement model given in (10).The implicit
constraints given in (22)–(27) are totally ignored. Its up-
date step is according to the EKF given in (32)–(33).

As we discussed in Section II, this algorithm suffers
from large errors due to unobservability. We include it
here as baseline for comparison purpose. This algorithm
may be in use in some real applications due to its easy
implementability. It is worth to evaluate its performance
to understand its limitations.

B. Partial Maximum Likelihood Information Transfer
(pMLIT)

This algorithm updates the across-camera state using
the partial information in the predicted state xI (position
only). It converts the predicted position to the LOS in-
formation (azimuth and elevation) with reference to the
first camera, and then combines with the LOS measure-
ment from the second camera to estimate the position in
xII using the maximum likelihood (ML) estimation. The
velocity in xI is not utilized, and the velocity in xII is not
estimated. The details are given in sequel.

1The EKF is selected for within-camera estimation.This is because the
camerameasurement error is small.The other nonlinear filters like un-
scented Kalmen filter and particle filter cannot improve estimation ac-
curacy when the measurement errors are small. Furthermore, the EKF
is more efficient, and is good for the high sampling/measurement rate
of a camera.
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First, the LOS and its error covariance from the first
camera are computed by

zIA = [aI eI]′ = h(xI, xs1 ), (38)

RIA = H(tk)PIH(tk)′, (39)

where h(·) and H(·) are given in (10) and (37), respec-
tively.

Second. the position in xII is estimated. The LOS of
the second camera is the measurement

zs2 (tk) = [as2 (tk) es2 (tk)]
′. (40)

The iterated least squares (ILS) [1] is used to obtain the
ML estimate of the target position by the model

zp = hp(xp, xs1 , xs2 ) + wp, (41)

where

zp = [z′
IA zs2 (tk)

′]′, (42)

xp = xII(1 : 3) = [xII yII zII]′, (43)

hp[xp, xs1 , xs2 ] =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

arctan
(
xII−xs1
yII−ys1

)

arctan
(

zII−zs1√
(xII−xs1 )2+(yII−ys1 )2

)

arctan
(
xII−xs2
yII−ys2

)

arctan
(

zII−zs2√
(xII−xs2 )2+(yII−ys2 )2

)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

(44)

and wp is the error of zp with the covariance

Rp =
[
RIA 02×2

02×2 R

]
. (45)

The position ML estimate is obtained by the ILS algo-
rithm as

x̂ j+1
p = x̂ jp + P j+1

p (J j)′R−1
p [zp − hp(x̂

j
p, xs1 , xs2 )], (46)

P j+1
p = [(J j)′R−1

p J j]−1, (47)

where j is the iteration index, and

J j = ∂hp(xp, xs1 , xs2 )
∂xp

∣∣∣∣
xp=x̂ jp

. (48)

The state xII estimate and its error covariance are then
given by

x̂II = [x̂′
p 0 0 0]′, (49)

PII =
[

Pp 03×3

03×3 diag(σ 2
ẋ σ 2

ẏ σ 2
ż )

]
, (50)

where σẋ, σẏ, and σż are predefined velocity error stan-
dard deviations in x, y, and z coordinates, respectively.

This algorithm can overcome the range bias problem
in the EKF described in the Section III-A. It carries the
estimated azimuth and elevation information from the
first camera to the subsequent tracking process. How-
ever, the velocity estimates are lost, and the velocities in
xII in (49) are set to 0 without the contribution from the
previous state estimate. Thus the information from the
previous state is only partially transferred to the subse-
quent tracking process.

C. Full Maximum Likelihood Information Transfer
(fMLIT) without Considering Cross-Correlation

This algorithm estimates xII and its error covari-
ance PII using the fMLIT.However, it ignores the cross-
covariance between the position and velocity error. The
details are given below.

First, the algorithm estimates the position in xII us-
ing the same method as the pMLIT described in the
Section III-B.

Second, xII (including velocity estimation) and its er-
ror covariance PII are estimated by

x̂II = [x̂′
p λx′

I,(4:6)]
′, (51)

PII =
[

Pp 03×3

03×3 λ2PI,(4:6,4:6)

]
, (52)

where

λ = r̂II
rI

, (53)

where rI and r̂II are computed using (30) and (31), re-
spectively (see Fig. 3).

This is an approximate solution to compute the ve-
locity in xII.The velocity error covariance is also approxi-
mately proportional with factor λ2.The cross-covariance
between the errors of the position and velocity is not
taken into consideration, setting it to 03×3 in PII.

D. Full Maximum Likelihood Information Transfer Using
Extended Guass–Helmert Filter (fMLIT-EGHF)

This algorithm updates the across-camera state
based on the GHM described in Section II-B. Since the
GHM is nonlinear, we approximate the nonlinear trans-
formation by the first-order Taylor expansion. Follow-
ing the name of the EKF, using the same approximation
approach, we designate the algorithm as extended GHF
(EGHF).

The update step is performed by the following itera-
tion

P j+1
II =

[
(A j)′[B jPy(B j)′]−1A j

]−1,
(54)

x̂ j+1
II = x̂ jII − P j+1

II (A j)′[B jPy(B j)′]−1g(x̂ jII, y), (55)
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where j is the iteration index,

A j = ∂g(xII, y)
∂xII

∣∣∣∣
xII=x̂ jII

, (56)

B j = ∂g(xII, y)
∂y

∣∣∣∣
xII=x̂ jII

. (57)

The initial x̂0II is set as in (51). The Jaconbians A and B
are given in Appendix B.

This algorithm is a solution for the implicit GHM
given in the Section II-B, using the first-order Taylor
expansion to approximate the nonlinear function (20).
However, in addition to the well-known disadvantages
of the first-order Taylor approximation, such as not be-
ing suitable for highly nonlinear models with large er-
rors, the EGHF involves matrix inversion operations.
This may cause numerical issues when the matrices are
ill-conditioned. This will be discussed later in the simu-
lation tests.

E. Full Maximum Likelihood Information Transfer using
Unscented Gauss–Helmert Filter (fMLIT-UGHF)

This algorithm is also a GHF to provide a solu-
tion to the GH measurement model. To better approxi-
mate the nonlinear transformation, the unscented trans-
form is used to replace the first-order Taylor expan-
sion in the fMLIT-EGHF.The algorithm is designated as
fMLIT-UGHF.

First, (2ny + 1) weighted sigma points of y are gener-
ated as

y1 = y, (58)

yi = y +
[√

(ny + κ )Py

]
i−1

i = 2, . . . ,ny + 1, (59)

yi = y −
[√

(ny + κ )Py

]
i−ny−1

i = ny + 2, . . . , 2ny + 1. (60)

Their corresponding weights are

w1 = κ

ny + κ
, (61)

wi = 1
2(ny + κ )

i = 2, . . . , 2ny + 1, (62)

where ny = 8 is the dimension of y, and κ is a scalar to
determine the spread of sigma points.

Second, the following iteration step is performed for
each sigma point, so that the sigma points of xII are ob-
tained.

x̂ j+1
II,i = x̂ jII,i − [(A j)′A j]−1(A j)′g(x̂ jII,i, yi). (63)

The initial x̂0II,i is set by (51) based on yi.
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Fig. 6. Test scenario with two adjacent cameras and three targets
(the two cameras, at 1 m apart, appear overlapped due to the

necessary scale of the figure).

Third, the updated state and its error covariance are
computed by the sigma points xII,i with i = 1, . . . , 2ny+1

x̂II =
2ny+1∑
i=1

wix̂II,i, (64)

PII =
2ny+1∑
i=1

wi(x̂II,i − x̂II)(x̂II,i − x̂II)′. (65)

The fMLIT-UGHF still has inversematrix operation,
but less occurrence than the fMLIT-EGHF.

F. Full Maximum Likelihood Information Transfer using
Unscented Guass–Helmert Filter with approximation
(fMLIT-UGHFapp)

This algorithm is an approximation version of the
fMLIT-UGHF. It removes the iteration process of the
fMLIT-UGHF in (63). The sigma points of x̂II are the
initial ones x̂0II,i. If the initial sigma points are accurate
enough, this approximation will not affect the final accu-
racy much. Furthermore, this approximation version has
no matrix inversion operations, so the numerical issues
due to the inversion of possibly ill-conditioned matrices
are avoided. It also more efficient as it has no iteration
process.

IV. SIMULATION RESULTS

This section evaluates the performance of the six al-
gorithms described in Section III. The test scenario is
shown in Fig. 6. Two adjacent cameras 1 and 2 are lo-
cated at (0, 0, 50) m and (1, 0, 50) m, respectively, 1 m
apart. Each camera has a field of view of 10o and 5.6o

horizontal and vertical, respectively. The pointing an-
gles of cameras 1 and 2 are 30o and 38o (clockwise from
true North), respectively.Both of them are looking 2o up
in elevation (from the horizontal). Their measurement
error standard deviations of azimuth and elevation are
σb = σe = 0.046 mrad, which is equivalent to 1 pixel
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Fig. 7. The RMSE of position estimates versus time from 100 runs
for the six algorithms after camera 2 starts to detect target 1 (with

starting range 500 m).

(the cameras are assumed to have 8 megapixels). The
two cameras provide their detections every 0.1 s.We sim-
ulate the targets 1, 2, and 3 with starting ranges at 500 m,
750 m, and 1,000 m, respectively. They move across
the two cameras horizontally with the same heading
100o (clockwise from true North) and the same constant
speed of 12.5 m/s. The observation durations for the tar-
gets 1, 2, and 3 are 15 s, 22 s, and 30 s, respectively.A near-
range target has better observability than a far-range tar-
get, as the two LOSs from the two cameras have larger
angle between themwhen the target crosses the cameras.
So target 1 should have better estimation accuracy than
target 2, and target 3 is the worst. The PSD in (9) is set
as (see [2] for the units)

qp = 0.012 m2/s3. (66)

The velocity error standard deviations in (50) are set as

σẋ = σẏ = σż = 10m/s. (67)

The scalar κ in (59)–(62) is set to 1. We will present the
estimation accuracy using the root mean square errors
(RMSE) of the position and speed (magnitude of the
velocity vector), the statistical consistency analysis us-
ing the normalized estimation error squared (NEES) [1],
and the algorithms’ performances when the probability
of detection (PD) is less than unity in sequel.

A. Estimation Accuracy

The position and velocity estimates from 100 Monte
Carlo runs for each targets will be presented in this sub-
section.

First, we present the estimation accuracy of the six
algorithms for target 1 with starting range 500 m. The
position and speed estimate RMSEs versus time from
100 Monte Carlo runs are shown in Figs. 7 and 8, re-
spectively. The time starts from the moment camera 2
starts detecting the target (since the state is not fully
observable before that). It can be seen that the EKF
and pMLIT are obviously worse than the other four
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Fig. 8. The RMSE of speed estimates versus time from 100 runs for
the six algorithms after camera 2 starts to detect target 1 (with

starting range 500 m).

fMLIT algorithms, as they do not take all constrains
into consideration when the target crosses the cameras’
FOVs.We remove these two algorithms from the perfor-
mance figures, so that the other algorithms’ performance
can be enlarged and seen clearly. Since the EKF and
pMLIT have poor performance clearly, their perfor-
mance will not be presented in the sequel. The position
and speed RMSEs versus time for the four fMLIT algo-
rithms are shown in Figs. 9 and 10, respectively. We can
see the fMLIT is worse than the other three algorithms.
This is because the fMLIT is an approximate solution to
compute the position and velocity separately, the cross-
correlation of the estimation error between the posi-
tion and velocity is totally ignored, whereas, the other
three are solutions to the GHmodel.We do not observe
much differences in accuracy among the fMLIT-EGHF,
fMLIT-UGHF,and fMLIT-UGHFapp.Itmeans the non-
linearity and errors in the problem are small enough,
so that the first-order Taylor expansion (in the fMLIT-
EGHF) and unscented transform (in the fMLIT-UGHF
and fMLIT-UGHFapp) have very similar accuracy.Also,
since target 1 is the nearest with the best observability, it
does not cause numerical issues with ill-conditioned ma-
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Fig. 9. The RMSE of position estimates versus time from 100 runs
for the four fMLIT algorithms after camera 2 starts to detect target 1

(with starting range 500 m).
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Fig. 10. The RMSE of speed estimates versus time from 100 runs for
the four fMLIT algorithms after camera 2 starts to detect target 1

(with starting range 500 m).

trices in the filtering process, so that the three GHFs all
perform well. The similar results of the fMLIT-UGHF
and fMLIT-UGHFapp also show the initial sigma points
x̂0II,i in (63) are accurate enough, as similar accura-
cies are obtained with or without the iteration given
in (63).

Second, we show the estimation accuracy of tar-
get 2 with starting range 750 m. The position and speed
RMSEs versus time for the four fMLIT algorithms are
shown in Figs. 11 and 12, respectively. Similarly to target
1, the fMLIT is worse than the other three GHFs, and
the three GHFs have very similar results.

Next,we present the estimation performance for tar-
get 3 with starting range 1,000 m. Fig. 13 shows the posi-
tion RMSEs versus time for the four fMLIT algorithms.
It can be seen that the fMLIT-EGHF diverges. Diver-
gence happened after the across-camera event in one
run only. This is due to the state estimate error cov-
eriance PII in (54), which is not positive-definite in the
fMLIT-EGHFestimation.We investigated the condition
number of [BPyB′] in (54). It is 1 × 1018. The inver-
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Fig. 11. The RMSE of position estimates versus time from 100 runs
for the four fMLIT algorithms after camera 2 starts to detect target 2

(with starting range 750 m).
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Fig. 12. The RMSE of speed estimates versus time from 100 runs for
the four fMLIT algorithms after camera 2 starts to detect target 2

(with starting range 750 m).

sion operation on such an ill-conditionedmatrix encoun-
tered numerical issues, and caused PII to lose its posi-
tive definiteness. This resulted in estimation divergence
subsequently. Target 3 is at the farthest range among
the three targets, and its observability is marginal. The
two LOSs of the two cameras are nearly parallel when
the target crosses between the cameras. This leads to
ill-conditioned matrices during the fMLIT-EGHF iter-
ation process. We remove the fMLIT-EGHF, and show
the position and speed estimate RMSEs for the remain-
ing three algorithms in Figs. 14 and 15, respectively. It can
be seen that the fMLIT-UGHF and fMLIT-UGHFapp
have similar accuracy, and fMLIT is worse. We also in-
vestigatePII in fMLIT-UGHF.It is positive-definite.This
is because PII is computed with sigma points using (65),
and its positive-definiteness is maintained.However, the
sigma points computation also has an inversion op-
eration in (63). The condition number of the matrix
[A′A] to be inverted in (63) reached 1 × 1018. Thus, the
fMLIT-UGHF has a potential risk of numerical issues,
although not as much as the fMLIT-EGHF.
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Fig. 13. The RMSE of position estimates versus time from 100 runs
for the four fMLIT algorithms after camera 2 starts to detect target 3

(with starting range 1,000 m).
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Fig. 14. The RMSE of position estimates versus time from 100 runs
for the fMLIT, fMLIT-UGHF, and fMLIT-UGHFapp after camera 2

starts to detect target 3 (with starting range 1,000 m).

B. Statistical Consistency Analysis

The statistical consistency analysis is conducted us-
ing the NEES [1] at the across-camera event and is
computed by

εi(tk) = x̃i(tk)′Pi(tk)−1x̃i(tk), (68)

where i = 1 . . . 100 is the run index,

x̃i(tk) = x(tk) − x̂i(tk), (69)

and x̂i(tk) and x(tk) are the ith run state estimate and
ground truth at time tk, respectively, assuming the target
crosses between the cameras at time tk. The NEESs of
100 runs are recorded. The NEES of the state (with di-
mension 6) is a 6 degrees of freedom chi-square random
variable. Its two-sided 95% probability region is [1.24,
14.45]. The estimation is statistically consistent, if 95%
of NEESs are within this interval.

Figs. 16–18 show the NEESs versus the run index at
across-cameras for targets 1–3, respectively. The num-
bers of NEESs that are outside the 95% region for the
four fMLIT algorithms are counted and listed in Table I.
It can be seen, the fMLIT is not statically consistent for
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Fig. 15. The RMSE of speed estimates versus time from 100 runs for
the fMLIT, fMLIT-UGHF, and fMLIT-UGHFapp after camera 2

starts to detect target 3 (with starting range 1,000 m).
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Fig. 16. The across-cameras NEES of target 1 (with starting range
500 m) in 100 runs for the four fMLIT algorithms.
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Fig. 17. The across-cameras NEES of target 2 (with starting range
750 m) in 100 runs for the four fMLIT algorithms.
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Fig. 18. The across-cameras NEES of target 3 (with starting range
1,000 m) in 100 runs for the four fMLIT algorithms.

Table I
Number of NEES out of 95% boundary (100 runs)

Target 1 2 3

fMLIT 18 11 24
fMLIT-EGHF 5 5 11
fMLIT-UGHF 5 6 9
fMLIT-UGHFapp 5 4 4
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Fig. 19. RMSE of position estimate in 100 runs for the
fMLIT-UGHF.

all three targets. The number of NEES outside the 95%
region is 11 to 24, much larger than 5. For target 1, the
three GHFs are statistically consistent, as they all have
five NEESs outside the 95% region, i.e., they meet the
criterion. For target 2, the three GHFs are also consis-
tent. For target 3, only the fMLIT-UGHFapp is statisti-
cally consistent. The fMLIT-EGHF and fMLIT-UGHF
do not meet the consistency criterion. The worse perfor-
mance of the fMLIT-EGHF and fMLIT-UGHF is due to
their numerical issues.

C. Performance under Imperfect Detection

The PD is usually imperfect in real camera ap-
plications. We investigate the estimation accuracy of
the three GHFs (namely, fMLIT-EGHF, fMLTL-UGHF,
and fMLTL-UGHFapp) when PD = 0.9 for the three
targets shown in Fig. 6. The RMSE of position esti-
mates in 100 Monte Carlo runs are studied. The fMLIT-
EGHF diverges for all three targets when PD = 0.9.
The results of the fMLIT-UGHF and fMLIT-UGHFapp
are shown in Figs. 19 and 20, respectively. The corre-
sponding RMSEs when PD = 1 are also shown in the
figures for comparison. The position RMSEs increased
1–2mwhen PD= 0.9 in both fMLIT-UGHF and fMLIT-
UGHFapp. The fMLIT-UGHF and fMLIT-UGHFapp
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Fig. 20. RMSE of position estimate in 100 runs for the
fMLIT-UGHFapp.

generate very similar results. Figs. 19 and 20 are shown
separately because the results of the fMLIT-UGHF and
fMLIT-UGHFapp would be indistinguishable on a com-
bined figure at the same scale—they are, as in Figs. 9–15,
practically the same.

In summary, it can be seen from the simulation re-
sults that the fMLIT-UGHFapp is the most robust algo-
rithm. Its accuracy is similar to the fMLIT-UGHF and
without numerical issues. Its estimation is consistent sta-
tistically. It also has lower computational cost than the
fMLIT-UGHF as no iteration process is needed at each
sigma point. The fMLIT-UGHF is good in theory, but
is limited by numerical issues in practice. It is better
than the fMLIT-EGHF which suffers from serious nu-
merical problems. In general, the unscented transform
(in the fMLIT-UGHF) should be better than the first-
order Taylor approximation (in the fMLIT-EGHF) for
a highly nonlinear model with large error. In this appli-
cation, the nonlinearity and the degree of error do not
affect their performance.However,we observed another
disadvantage of the first-order Taylor approximation—
it is easier to encounter numerical issues in the infor-
mation transfer when the observablity is marginal. The
other three algorithms (EKF, pMLIT, and fMLIT) are
worse than those using GHFs.

V. CONCLUSIONS

In this paper, we formulated an implicit GHM to
transfer the full state information when a target crosses
between cameras. This model is based on the principle
that the target heading estimated from the first camera
is observable (assuming the target is in a NCV motion),
so that the heading should be consistent when the target
moves across cameras, and the speed is therefore pro-
portional to the range from the cameras. These implicit
constraints were added to the original measurement
model at the crossover time as the GHM.We developed
three GHFs, namely, fMLIT-EGHF, fMLIT-UGHF, and
fMLIT-UGHFapp, as solutions for the GHM (with dif-
ferent approximations of the nonlinear constraint). The
three GHFs outperform the other three algorithms
(EKF, pMLIT, and fMLIT), which are not using the
GHM, when numerical issues are not encountered. The
three GHFs are statistically consistent when the tar-
get is near (≤750 m) and PD = 1. However, when the
target is at 1,000 m range, only fMLIT-UGHFapp is
still statistically consistent, and the fMLIT-EGHF and
fMLIT-UGHF cannot meet the consistency criterion
due to numerical problems in the matrix inversion. The
fMLIT-UGHFapp is an approximate implementation of
the fMLIT-UGHF to avoid the matrix inversion. It has
similar accuracy to the fMLIT-EGHF (when the lat-
ter does not diverge) and fMLIT-UGHF, and its esti-
mates are statistically consistent. Therefore, the fMLIT-
UGHFapp is the most robust algorithm in this problem.

To apply the proposed algorithm to real applications,
other issues need to be addressed. First of all, cameras
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should be calibrated accurately. Second, a suitable track
to measurement association algorithm should be ap-
plied when multiple targets and false alarms exist. Third,
maneuvering targets need to be handled. The GHM in
this paper is based on the assumption of constant ve-
locity motion. This assumption is only necessary in the
neighborhood of the transfer between cameras. Based
on our study, the velocity estimate from a single camera
can converge within 1 s observation interval. If the tar-
get is not maneuvering for 1 s before camera crossing,
the GHM is valid. Otherwise, the pMLIT without speed
constraint should be applied. All these issues are sep-
arate topics in themselves and quite extensive. Further
study on them will be conducted in the future.

APPENDIX A

OBSERVABILITY OF HEADING FROM A SEQUENCE OF
ANGULAR MEASUREMENTS

This appendix proves that the target heading is ob-
servable for a constant velocity (CV) target from a se-
quence of angular measurements (azimuths and eleva-
tions) of a stationary sensor.The 3Dproblem can be sim-
plified to a 2D problem in the plane formed by the target
path (a straight line) and the sensor location point. The
azimuth and elevation measurements can then be con-
verted to bearing lines in this plane. If we can prove the
target heading in this plane is observable, the heading is
also observable in 3D Cartesian space.

Fig. 21 shows this 2D plane with the sensor at pointO
and three bearing lines OA, OB, and OC in time se-
quence with a fixed time interval T .Assuming the target
path is on the straight line ABC,we have |AB| = |BC| as
the target is moving in CV.We will prove that the target
heading is observable by the following two steps:

� At an arbitrary point A on the first bearing line, there
is an unique straight path ABC with |AB| = |BC|
(namely, with two equal cuts by the three bearing
lines).

� All the (CV target paths with two equal cuts (by the
three bearing lines) are parallel.

These will prove that all possible target trajectories
share the same unique heading.

First, we prove that if A is fixed, then ABC is the
unique straight path with |AB| = |BC| for the three LOS
as above.We draw a line AD parallel toOC and it inter-
sects OB at D. We prove |AD| = |OC|. Since the tri-
angles ABD and OBC are similar and |AB| = |BC|, we
have

|AB|
|BC| = |AD|

|OC| = 1, (A1)

|AD| = |OC|. (A2)

We then draw two arbitrary straight lines AB1C1 and
AB2C2 below and above ABC, respectively. We will

Fig. 21. Proof of the unique target heading obtained from three
bearing lines for a constant velocity target.

prove these two arbitrary lines cannot meet the equal-
ities (implied by CV assumption) |AB1| = |B1C1| or
|AB2| = |B2C2|. For AB1C1, we prove |AB1| > |B1C1|
by

|AB1|
|B1C1| = |AD|

|OC1| >
|AD|
|OC| = 1, (A3)

|AB1|
|B1C1| > 1, (A4)

|AB1| > |B1C1|. (A5)

For AB2C2, we prove |AB2| < |B2C2| by
|AB2|
|B2C2| = |AD|

|OC2| <
|AD|
|OC| = 1, (A6)

|AB2|
|B2C2| < 1, (A7)

|AB2| < |B2C2|. (A8)

Since any arbitrary line below or above ABC does not
have two equal cuts by the three bearing lines, it follows
that ABC is unique for a CV target starting at A.

Second, we will prove all the possible target trajec-
tories with equal cuts are parallel. Let’s draw another
arbitrary line abc parallel to ABC, and a is an arbitrary
point besides A on the first bearing line. We will prove
|ab| = |bc| by

|ab|
|AB| = |Ob|

|OB| , (A9)

|ab| = |Ob||AB|
|OB| , (A10)

|bc|
|BC| = |Ob|

|OB| , (A11)

|bc| = |Ob||BC|
|OB| = |Ob||AB|

|OB| = |ab|. (A12)
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Based on our previous proof, the straight line with two
equal cuts is unique if a is fixed. Thus abc is the unique
line starting at a with two equal cuts. Since abc is paral-
lel to ABC, they share the same heading. Furthermore,
point a is an arbitrary point on the first bearing line, and
this proves that all possible CV trajectories (with two
equal cuts) are parallel and share the same heading.This
proves that the heading is observable.

Note the assumption of the above proof that the
three bearing lines are different. If a target approaching
to the sensor (or moving away from the sensor) directly,
the three bearings coincide.The heading angle is known,
but cannot differentiate if the target is approaching or
moving away fromO.That needs additional information,
such as target size increasing/decreasing in a sequence of
images (or intensity for point detection), to tell the direc-
tion.

APPENDIX B

JACOBIANS IN THE fMLIT-EGHF AND fMLIT-UGHF

The Jacobians A and B used in the fMLIT-EGHF
and fMLIT-UGHF are derived below.

A = ∂g(xII, y)
∂xII⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

A11 A12 A13 0 0 0

A21 A22 A23 0 0 0

A31 A32 A33 0 0 0

A41 A42 A43 rI 0 0

A51 A52 A53 0 rI 0

A61 A62 A63 0 0 rI

A71 A72 0 0 0 0

A81 A82 A83 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (B1)

B = ∂g(xII, y)
∂y⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

B11 B12 B13 0 0 0 0 0

B21 B22 B23 0 0 0 0 0

B31 B32 B33 0 0 0 0 0

B41 B42 B43 −rII 0 0 0 0

B51 B52 B53 0 −rII 0 0 0

B61 B62 B63 0 0 −rII 0 0

0 0 0 0 0 0 −1 0

0 0 0 0 0 0 0 −1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

(B2)

with

A11 = rI − (xI − xs1 )(xII − xs1 )/rII, (B3)

A12 = −(xI − xs1 )(yII − ys1 )/rII, (B4)

A13 = −(xI − xs1 )(zII − zs1 )/rII, (B5)

A21 = −(yI − ys1 )(xII − xs1 )/rII, (B6)

A22 = rI − (yI − ys1 )(yII − ys1 )/rII, (B7)

A23 = −(yI − ys1 )(zII − zs1 )/rII, (B8)

A31 = −(zI − zs1 )(xII − xs1 )/rII, (B9)

A32 = −(zI − zs1 )(yII − ys1 )/rII, (B10)

A33 = rI − (zI − zs1 )(zII − zs1 )/rII, (B11)

A41 = −ẋI(xII − xs1 )/rII, (B12)

A42 = −ẋI(yII − ys1 )/rII, (B13)

A43 = −ẋI(zII − zs1 )/rII, (B14)

A51 = −ẏI(xII − xs1 )/rII, (B15)

A52 = −ẏI(yII − ys1 )/rII, (B16)

A53 = −ẏI(zII − zs1 )/rII, (B17)

A61 = −żI(xII − xs1 )/rII, (B18)

A62 = −żI(yII − ys1 )/rII, (B19)

A63 = −żI(zII − zs1 )/rII, (B20)

A71 = yII − ys2
(xII − xs2 )2 + (yII − ys2 )2

, (B21)

A72 = − xII − xs2
(xII − xs2 )2 + (yII − ys2 )2

, (B22)

A81 = − (xII − xs2 )(zII − zs2 )√
(xII − xs2 )2 + (yII − ys2 )2

× 1
(xII − xs2 )2 + (yII − ys2 )2 + (zII − zs2 )2

,

(B23)
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A82 = − (yII − ys2 )(zII − zs2 )√
(xII − xs2 )2 + (yII − ys2 )2

× 1
(xII − xs2 )2 + (yII − ys2 )2 + (zII − zs2 )2

,

(B24)

A83 =
√
(xII − xs2 )2 + (yII − ys2 )2

(xII − xs2 )2 + (yII − ys2 )2 + (zII − zs2 )2
, (B25)

B11 = (xII − xs1 )(xI − xs1 )/rI − rII, (B26)

B12 = (xII − xs1 )(yI − ys1 )/rI, (B27)

B13 = (xII − xs1 )(zI − zs1 )/rI, (B28)

B21 = (yII − ys1 )(xI − xs1 )/rI, (B29)

B22 = (yII − ys1 )(yI − ys1 )/rI − rII, (B30)

B23 = (yII − ys1 )(zI − zs1 )/rI, (B31)

B31 = (zII − zs1 )(xI − xs1 )/rI, (B32)

B32 = (zII − zs1 )(yI − ys1 )/rI, (B33)

B33 = (zII − zs1 )(zI − zs1 )/rI − rII, (B34)

B41 = ẋII(xI − xs1 )/rI, (B35)

B42 = ẋII(yI − ys1 )/rI, (B36)

B43 = ẋII(zI − zs1 )/rI, (B37)

B51 = ẏII(xI − xs1 )/rI, (B38)

B52 = ẏII(yI − ys1 )/rI, (B39)

B53 = ẏII(zI − zs1 )/rI, (B40)

B61 = żII(xI − xs1 )/rI, (B41)

B62 = żII(yI − ys1 )/rI, (B42)

B63 = żII(zI − zs1 )/rI, (B43)

where rI and rII are given in (30) and (31), respectively
(see Fig. 3).
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